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I. INTRODUCTION

The blades of the last stages of steam turbines generally have
great redial length, to the extent that the outside diameter of the
blading i1s es much as twice the inside diameter. Likewlse with gas
turbines, it 1s desirable to select a large ratlo of cutside-to-
ingide diameters in order to achieve small turbine diwmensions. It
is principally this outside diameter that determines the dimensions;
and for a given required gas-flow velocity, this diameter will be
inversely wnroportional to the degree to which the area corresponding
to it is utilized for gas flow, that is, it will decrease with a
decrease in the relative inslide diameter. The relations are similar
for axial superchargers.

In such bladings of relatively great length, the flow through
the bladea 1s markedly dlfferent at different points along the blade
length. Namoly, wherever a twist ocours in the flow line, centrif-
ugal forces influence the portions of gas moving in curved paths.

The result of this 1s an increase of pressure from inmer to outer
portions of the anmnular space between inner and outer clrcumferences.
The pressure drop occurring in a turbine stage is thas divided
differently between the stator and rotor towexrd the hub than toward
the outer circumference. This phenomenon is of great importance in
the design of the blading and must be considered in determining the
form of the blades, i1f good efficiency 18 to be obtained. Amazingly
enough, it has been treated very little in the literature. A. Stodola
in the fourth edltlon of his classlc book on turbine constructlon
(reference 1) briefly discusses the matter and malkes some estimates
of the order of magnitude of pressure increase in a radial direction.
However, this section is omitted In the later editlons. Subesequently,

#"ple Strémung durch Axielturbinen-Stufen von grofer SchaufelhShe."
Deutsche ILuftfahrtforschung, Forschungsbericht Nr. 1750. Iuftfahrt-
forschungsanstalt Hermarnn Ggring, Braunschwelg, Inst. . Motoren-
forschung, ZWB, Feb. 18, 1943, pp. 1-39.
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G. Darrieus (reference 2) studiled the same phenomenon and attempted
to clarify it in terms of the aerofoil theory of Prandtl. However,
he only queliltativeiy discussed the phenomenon. A calculatlon of

the flow and pressure relations has, to the best of our knowledge,
not been underteksn. Quite recently W. Hurtmann (reference 3)
measured the difforence In pressure between the inner and outer walls
behind & turbine stator. The results showed a somswhat smaller d4if-
ference than that obtained by calculatlon for a flow that is in
accordance with the spiral formula ¢, r = constant (cu = peripheral
component of the velccity; r = radius). Hartmann refers to the
difficultles in making an exact measurement of nressures in the amnnular
snace defined by a turblne blading and consejuently necessary inzc-
curacies in the measuremerts ottained. In thls paper a calculation
of the flow in turbine blaiing willl be reported that will include the
calculation of the effect of centrifugal force. In connection there-
with a negligible viscosity of the flowing gas and a flow of rotational
symnetry will be postulated, that 1s, the same assumptions that are
made by the Euler turbine theory, which 1s in general use for turbine
calculetions. As in the Euler formlaes, the frictional losses on the
stator and rotor bladea will be aliowed for subsequently through the
velocity coefficients ® for the stator erdi  for the rotor. Ths
calculation was made by the filrst author (icimert) a few months ago.
Since then the experiments of the second aut.ior (Korbacher) with a
test rig of his own desiga have satisfactorlly confirmed the results
for the stator. Tkerefore the mathematical method can now be_pub-
lished together with the experimental results obtained so farl,

. IT. CALCULATION OF THE FLOW BEHIND THE STATOR

1, Twisted Blades

The flow as found behind a stator alone will first be investigated.
That 1s, the respective rotor is to be thought of as not yet put in
place, Figvve 1 schematically presents an axlal section through such
e stator. The stator blades occupy the annilar space between the Iinner
diameter D, ani the outer diameter D,. A system of polar coordinates
so placed in the stator that z falls along the axls of the turbinse,

y 18 the distance from the axis of rotation, and ¢ 1s the angle must
be imagined. The stator blades are understood to be eo close together
that the small velocity variations across the blade spacing can be
neglected and the flow regarded as axially symmetrical, that 1s,

lye owe thanks to Professor C. Pfleilderor, Doctor of Engineering,
for various suggestions to our work.
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independent of ¢. The flow is assumed to approach the stator in a
strictly axial direction with a velocity cpn which is uniform over
the whole cross section of the anmular space. In other words, the
whirl component of the velocity is zero in front of the stator. A
twlst 1s then given to the fiow by the stator blades. In the

Plane 1l-1 close belhind the stator, which 1s to be the site of the
following investigation of velocity relations, iet ¢ which has
the components opy, c,3, and Cp1s, Tepresent the vagll:ocity at the
dlstance r from the axis. Owing to the whirl component of
the veloclty, centriﬁxgal forces operate upon the rarticles of fluid
and effect an increase of the pressure pj in a radial direction.
Observe a portion of fluld at a distance r from the axis of
rotation, with base area df and height dr. Its volume is thus

df dr and 1ts mass Z4f dr (7 = specific weight; g = acceleration
of gravity). Upon this nortion of gas there operates in a radial

ul

directlon ths centrifugal force -—-d.f dr, also a preossure force
dp
of the magnitude d.f-s%‘dr' [WACA comment: The German did not dis-

tinguish between partial and total derivatives. In order to avoid
confusion partial derlvatlves have been distingulshed from total

derivatives.], and an inortia force Zar d.r—dll- Because ¢y may
be a function of 2z and r, the folgow:lng applieg to steady flow

do,.y - a"rl dr acrl dz _ Copy 80y
dt ar at Y 5z d& " °rl 5 t °m) oz

By equatling the three forces the following equation i1s obtalned

of1 ey gim

2 at T 7y Tdr

Note that during the flow through the bleding, the inertia force
acquires conslderable magnitudo, especially when the dimension of
the blade~-row in 2z dlrection 1s small. This can be seen from the
courae of the flow lines through the stator, as shown In figure 3.
At the noint of exit from the blading, the radlal velocitles have
nevertheless already decreased greatly, therefore in the plane 1-1,
which 1s but little removed from the blade-exit plene, they may
already be ignored. This appears from the measurements to be.

' Peéported subsequently. TIf the radial velocity c,; in the

plane l-1 ig set equal to zero, for the preceding equation the
following simpler form is obtained
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of1
= P (1)

7 d.r

From 1t the raudial increese in pressure can be calculated as soon

as the magnitude of the whirl component ch1 @as & function of =r

is known. With the close spacing assumed for the blades, tte
direction of the wvelocity vector ¢ 1is at once known, becauce at a
short ‘distance behind the stator blades 1t will be equa.l to tho exit
angle of the blades - If this angle ¢y 1is measurcd with raspect

to the peripheral direction, the following relation for the whirl
component ¢, 1s obtained

Cul
°1=
co8 aq

(2)

in which the angle @ is to be regarded as a function of r deter-
mined by the blede form. Outside the boundory layers at the blade

surfaces, which become infinitely thin at negligible viccoeity of the
flowing gas, the flow may be regarded as frictionless. The following
Bernoulll equation then applies along a flow line through the stator

J—B+——= (3)

At smell flow wveloclties the integral is revlaced by the expression
B, The constant K is then simply the total prossure divided by the

7
weight density 7. At large velocitles, 7 may no longer be regarded

as constant. The integral ]%E is then suitably taken for the given

pressure p from a Mollier i-8 diagrsm. It is the same as the
enthalpy i (heat content) in mechanicel units (mkg/kg). Tho
Bernoulll constant is then the enthalpy corresponding to the impaot
rressure. In the general case, when no potential flow 1s lnvolved,
1t has a different value for each flow line. Mathematically formu-
lated this means that K in the cross section 1-1 may be a function
of r. But in the present caso it may easily be shown that K has
the same numerical value for all flow lines. Because the veloclty

¢ In front of the stator is unvarying throughout the redial length
of the blmdes and because the flow is free of twlet at that point and
18 therefore of uniform nreasure over the cross section, equation (3)
glves tho same value of the coustant for every flow line. The total

pressure 1s therefore uniform over the whole flow field. If equation (3)

is now differentiated wilth respect to r
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ldp =0 (4)
7d.r gdr

' By aiuply:l.ng the eqﬁb.tion to the cross section 1-1 and eliminating
the pressure by means of equation (1)

2
o de
-El_u - 1

eoo g2 (5)

In order to substitute its peripheral component for velocity o7 1n
equation (5), equation (2} is differentiated with resmect to r

doy __1 doy3 oy 8in o dog (6)
dr cos o dr cosza-l dr

Thereby equation (5) becomes

Syl 1 doypy oy tan oy doy (7)
r cos® @ ar cog® o ar
or
Low -<°°°z 2y ten o “l\ar - - £(r)ar (8)
w1 r

The expression in parentheses is a function f(r) of r, detormined
by the blaede twlest. The differential equation when solved gives

ln o, = - JE(r)ar + constant

or 1f In a; [NACA comment: The quantities a and a; appear
to be the same.] 1s substituted for the constant,

= ale ff(r)d.t‘ (9)

The constant a, 1s to be determined from the guantity of flow.
This will be further discussed.
2. Nontwisted Blades

If the stator has nontwisted 'bladas the angle d; 1s then
independent of r, and from equation (8) is obtalned
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81 _ | gos? oy 0T 10
Oul GOBG-J_r ()

By integration of this equation

2
cy1 %% % = constant = a; (11)

The axial component of the velocity is determined from Cp = Cy1 tan ay

2
oy T8 %1 = a; ten o; = constant (12)

The constant a; 1s obtained from the we.ght of gas passing through
the stator In a unit of time, which is revresented by G. The equation
is

= 'nra- 2
G -J ¥4 Cpy 8T T dr
Ty

Because of the dependence of the specific welight ¥ upon the pres-
sure, an exact evaluation of the equation is very difficult. If a
mean value 7, 18 used, from equation (12) the following expression
for a; 1s obtained

1 + sin?
;G- . A (13)

m 7 2 2 )
z’tta'nalKraSin a-l+l_riein ao1+l)

al=

If the annular svace occupled by the stator blading is cylindrical,
as in figure 1, then aj can also be expressed in terms of

the velocity ahea.d of the stator. At this latter point the following
equation applled

G=7°cmo:t(r§-—-r§)

Thus 1is obtalned

1 102 2 _
8-1=;i'0mo (1 + s1n? o) (r2 - %) (12)

’ 2 1ne
2 tan c,‘]_Q_‘,a‘s:in o +1 _ . 0% @ + 1)
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The ocurve of pressure over the oross section 1-1 is obtained from
equation (3). If the velocity at the inner diameter is represented
‘8.5' cil, tmn - - - - . -

2ol (2, - o) (15)

and, taking account of equations (2) and (11),

—La Ll o%l1-(22 (16)
ry 7

2g r

r
The quantity f 9:72 represents simply the negative value of the

r .
heat drop between the respective radil in question. From 1t with
the ald of the entropy dlagram, the pressure difference Ap can at

r
once be taken. At small flow velocities f %1’- = 572 Equations (11),
r

(12), and (16) are numerically evaluated in fi'igure 2. As only exhi-
bitlon of the variation of the velocity is considered, the axial
veloclity at the inner diameter Cmi is set equei to 1. The calcu-
lation hes been carried out for two blade-exit angles, 300 and 45°.
The dashed curve willl be discussed later. Behind the atator the
axial component 18 no longer uniform throughout the length of the
blades. It 1s greatest at the inner dlameter and decreases toward
the outer dlameter, that is, the flow is deflected toward the eaxis
of rotation by the stator. The course of the flow lines in passing
through a stator with nontwisted bledes of 30° exit angle 18 shown
in figure 3. The course shown for the flow lines withln the blading
1s estimated.

3. Irrotational Spiral Flow

With twisted blades it 1s possible, by appropriate choice of

blade-exit angle, to achisve uniformity of the veloclty component
throughout the length of blade behind the stator as well as

ahoad of 1t. In this case it follows from the Bermoulll equation

“that"
2
fff. sy (17)
7 2g
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2{ application of the equation to section 1-1, and by differentia-
on

8 dpy doyy
7ot ou o~ - e

By combining this equation with equation (1)

2
and by integratilon
c 1t = constant (20)

Thus the well-known fact is arrived at that the flow must obey the
sniral formile 1f the axial component ¢y 18 not to vary with the
radius after the flow vasses throvgh the stator. The range of pres-
sure l1s glven as before by the equation

_P. = L 2 ‘1 - 1‘1\2
J 5a cil cos” ay - r/-l

The nontwisted blading produces, as 18 seen from equation (16)
end the above relation, a greater nressure Increase than the spiral
Tlow c,r = constant, 1f in both cases the angle «; and the
velocity c3 are the sawe. If the two flows are wostulated as
having the same angle and the same veloclty at tne center of blade
height, then the blading, twlsted to produce a flow in accord with
the spiral formula, produces a somewhat grecter preesure increase.
From equation (20) may be determined the variation of blade augle
along the blade length that wlll be necessary to prodice the desired
flow. As is known, tie Slow according to oquation (20) is vortex-
free. However, this does not apply rfor a apiral flow produced by
nontwisted bledes or blades with an arbitrarily seleoted twiat.

Now the nature of the vortices in the flow wlll be Investlgated
more exactly.

4. Distribution of Vorticity in the Flow

In a flow subject to vortices a vortex vector W at any point
may be defined by the equation
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¥ = rotation © (21)

The.veptor .1s here designated by the mean line. One half the value
of this vorticity gives the angular velocity with which the neigh-
boring fluid particles revolve about the vector directlion as an axis.
The calculation of the vortex strength W can be mede with the aid
of the Stokes theorem. This theorem stetes that every component of
the vortioity is equal to the circulation d4dI' around a small surface
element standing perpendicular to the directlon of the vector com=-
oonent, divided by the magnitude of this surface element d4df, +that
is

W a % (22)

With the aid of this thoorem the three components of the vortlioity
will be determined. In order to calculate the component in the
peripheral direction W,, the olroulation, that is, the line
integral of the velocity around a small surface element having
sidee of length dr end dz (fig. 1) must be developed. At a
distance r from the axis of rotation, the axial veloclty

exists. The line Integral along the linear element dz has there-
fore at this noint the value ¢ dz. At the distance »r + dr

the axial velocity 1s op3 + dTr—cmldr At this second point the line
d N\

integral along dz therefore has the value e&cml + ——-dczldr }dz.

Along the linear element dr the line integral is zero, because

the radial velocity ¢, 18 ignored. As the sum of all the line

integrals pertaining to circulation around the surface element,

is thus obtained the exnresslon for circulation

and when dividing by the surface area, the following expression
for the tangential component of the vortex strength

dem)
V1 = " Er (23)

-

The axial velocity cp; 18 glven by the relation
Op) = Oy ten aq. Thus equation (23) becomes




10 - NACA T™ No. 1118

doy; oy Aoy
v{ul=—tana1 ar —cogqu ar

a
By substitution of the valtue of the derivative __;’Eul_ from equation (8)

d.
W,y = 8in oy cos oy -c%l -C.1 % (24)

In order to obtain the axial component W,y of the vorticity,
the circulation about a surface element with the dimensions dr and
rde mst be developed. The line integral along rde at distance r
from the axis is c,jrde€. Iz.s th? distance r increases by dr, the

direy; )
line integral changes by —Tr—'drdc. Because the llne Integrals
along dr are zoero, the circulaticn around the surface element is
d(re,)
an = = illgge
dr

The vortex strength obtalned by dividing this equatlion by the surface
erea 1is

1 d(reyy)  deyy | ey
L - i T (25)

Again eliminating the derivative do,; /d.r by means of equation (B)

da
Wy, = tan a.l<sin oy cos @& E';—]‘- - cpn —E;l-) (26)

The radial component of the vorticity 1s zero because of the exial
symmetry. Coneequently the vector lies in a cylindrical surfece
(r = constant) and is at an angle 8 to the peripheral direction,
which 1s calculated from the equation

W,
'ba.nb:r;ﬂ'-
ul

By substituting the expressions for the two vorticity components
g =0 (27)
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Thus the vortex filaments travel in the current at the exit angle
of the stator blading. This result is in agreement with & general
hydrodynamic theorem that vortex filaments and current filaments
mst colnocide, if for the flow in question the Bermoullil equation
with a fixed value for the oonstant K aoplies universally (refer-
ence 4). How such vortices come into existence in a current of
negligible friction was shown by Prandtl in his explanation of the
induced resistance of airfoils.

An eirfoil of infinite span in a frictionless current 1s sub-
Ject to a force permendicular to the direction of the free-stream
velocity, if into the otherwise vortex-free current a circulation
is Iintroduced about the airfoll. The flow around the eirfoll is
then composed of a ciroculation-free stream flowing past it plus
the circulation flow, which at a greater distance corresponds to
the flow fileld of a potential vortex. Therefore as a first approx-
imation the airfoil can be imagined as replaced by a potential
vortex. B8Such a vortex is subject to the rule that it must either
form a continuous oircuit or extend to infinity. If the alrfoll
ils of finite apan, the vortex with which the airfoll has been
replaced must be plctured as being bent rearwards at both ends.
See figure 4(a). The true flow relations around the airfoil will
be even better represented by considering it as replaced by a
whole serles of vortices, which bend rearwards at varying dis-
tances from the ailrfoil ends. See figure 4(b). Thus behind the
alrfoll is obtained a surface of discontinuity, which is entirely
composed of adjoining vortex filaments. The distribution of the
vortices over the chord of the eirfoil is determined by the fact
that in every mection 1l-1 the vortex filaments peassing through
that cross section will produce Just precisely the circulation that
exists at this location on the airfoil. A variation in olrculation
about the ailrfoil occurring between sections 1l-1 and 2-2 corresponds
therefore to a definite number of vortex filaments, which leave the
rear odge of the alrfoll in the area between 1l-1 and 2-2. The vor-
tices leaving the airfoll may be very nicely made visible in a
water channel by the introduction of air in the vortex axis. Such
a flow picture made by H. Dreacher of the Aerodynamic Research
Institute in G8ttingen is reproduced in figure 5. Similar observa-
tions were made on marine propellers by F8ttinger (reference 5)
and on airplane propellers by Betz (reference 6).

The same phenomenon occurs in the stator under investigation
whenever the circulation about the individual blade is varilable
‘along 1ts length. But this is always the case if the flow produced
by the stator is not according to the spiral formula c,r = constant.
This may be seen from figure 6, which shows a developed cylindrical
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section through the stator. The circulation about a blade 18 obtailned
by developing the line Integral along the path 1-2-3-4. The partial
integrals for the two paths 1-2 and 3-4 cancel each other by reason
of symmetry if these two paths are exactly 1 blade interval apart.
Along the line 1-4 the velocity is perpendicular to the path of inte-
gration; the line integral there will consequently be zero. Thers
remalns only the integral elong the line 2-3 and the circulation
around & bladé therefore has the value ['y = g8, If a 1s the
blade interval. The line Integral around the circumference is

I, = ¢, 2rr, or with n blades it i8 n times the individual blade
cgrculation T g- TYor a flow In accordance wlth the spiral formula,
the line Integral around the circumference 1s

‘constant

> 2rt = constant

Pu = O, 2re =
that 1s, indenendent of r. Thus the blade circulation is also uai-
form along the blade length. If on the contrery, the flow does not
fulf1ll the spiral-formula conditions, then the circulation around
each blade varies throughout its length. Conssquently, a mass of
vortex rllaments pass from the tralling edge of the blade into the
current. This is shown 1n figure 7. If the blade Interval 1s now
reduced more and more, these sheets of wortlclty also approach one
another more closely and finally ds infinltely small blade I1ntervals
are reached fill up the entire flow field behind the stator. The
progression toward the iInfinitely small blade intervals, which are
necessary to achieve axially symmetrical flow, leads therefore to a
flow, uniformly filled with vortlces, of the form derived 1n the

nrevious paragraphs.

IIT. EXPERIMENTS ON THE STATOR

For the investigation of the spiral flow produced by a stator
with nontwisted bleding, the test rig shown in figure 8 wae designed.
The stator occuples the snace between the imner tube b of
80-millimeter dlameter and the outer tube ¢ of 160-millimeter
diemeter. The ratio of radll is therefore 2 and the difference of
pressure in a radial directlon may be expected to be distinctly
measurable. In order to obtain a flow through the stator as little
disturbed as possible, the air of the room is sucked through the
stator by a blower commected to the test rig through a rather long
pipe. Special importence was attached to the accurate installation
of the stator blades in.order to secure a satisfactory axial symmetry
of flow. They were set between the inner and outer tubes by a
special technique with the aid of a dividing head. The blade section
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used is shown in figure 9. The stator consists of 30 blades. The
blade-exit angle was optically tested after installation and the
variation between blades was within 1 degree. 'The predision of the
blading installation is thus markedly greater than in ordinary tur-
bine construction (reference 3, p. 1). The blade surfaces were
polished and the tube walls very carefully processed in order that
all surfaces might confidently be regarded as hydraulically emooth.
Figure 10 is a photograph of the forward part of the test rig with
the stator. In order to avoid disturbance of the flow, the first
struts between inmer and outer tubes were placed at d at a
distance of 195 millimeters downstream from the stator. These
struts were of ciroular section in order to make sure they did not
influence the spiral flow. The variation of pressure in the cur-
rent behind the stator can be measured through a large number of
holes e in the inner end outer tubes. In the stream 1tself the
direction of flow is measured by a cylindrical tube of 4-millimeter
dlameter (reference 7), the statioc pressure p and total pres-
sure Pg by a small Prandtl nitot tube of l.S5-millimeter diameter
and 9.5-millimeter length. As a check on these measurements, the
volume of flow and the torgue exerted on the stator by the current
are also measured. The volume rate of flow may be measured by a
diephraegm located at a sufficient distance downstroam from the
stator behind a straightensr that removes the twist from the cur-
rent. A second possible way of measuring the flow volume is by
determining the static pressure ahead of the stator through the
hole f. In order to enable measurevment of the torque, the stator .
and the intake portions of the inner and outer tubes are mounted
revolvably on the ball bearings g. The two concentric tubes are
connocted by the stator blades. The break h <thus produced in
the outer tube 1s closed by a thin rubber membrane 1. This space
cen be used for nressure measurement, as can the break k 1in the
inner tubs.

Moasurements with this test rig are stlll in progress. Of the
results so far only those vertaining to a plane 25 millimeters
behind the stator will be briefly discussed, in so far as they are
appliocable to the checking of the calculations set forth. A com-
plete report will be published after the conclusion of the inves-
tigation. Figure 11 shows the distribution of static pressure p
and total pressure pg. Within the flow these measurements were
carried out with the Prandtl pitot tube. The static pressure at
the two walls (at r/ry = 1 end r/ry = 2, respectively) is measured
through -the holes in the walls. . From figure 11 it can be seen that
the pointe obtained by the two mothods of measurement lle very
nicely on one curve. The well apertures 10 millimeters behind the
stator showed within 2 percent of the same pressure difference as
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the holes at a distance of 25 millimeters. In the total-pressure
readings with the pltot tube, tho wake behind the stator blades was
still somewhat perceptible. In figure 11 is recorded the minimum
value of the pressure drop po-Pg, Wwhich could be measured with a
revolution of the stator. The tota.l pressure ahead of the gtator is
equal to the pressure pp In the air of the room. Because of the
flow losses In the stator, this same total pressure 1is nsver again
quite attained behind the stator. However, the pressure loss P0-Pg
i1s not great except In the reglon near the inmer tube. It would seem
that a breakup of the flow ooccurs here. This region of greater flow
losses Increases in breadth with increasing dlstance from the stator.
The, corollary may be reasonably deduced that the region is very small
immediately behind the stator. With the exception of this reglon of
disturbance and of the immedlete neighborhood of the outer wall, the
assumption made in the caloulatlions that the total pressure is con-
gtant across a sectlion behind the stator agrees in some measure with
the actual relations in a fluid subject to friction. The drop Po-Pg
in total pressure as the flow passes through the stator may be taken
into account by the introduction of a coefficient ¢ to wodify the
theoretical veloclty of outflow from the stator. In order to deter-
mine the coeffioclent @, +the measured pressure difference

between outer and Ilmner walls will be compared with that wh:lcg would
be calculated for frictlonless flow according to the previous sectlon
if the impact preossure of the flow at the imner wall is equal to the
pressure drou 7po-py at that point. The direction of outflow 1s
determined to be et an angle of 25° to the peripheral direction by
means of the cylindrical tube. Thls direction of flow 1s also
recorded In figure 9. If the theoretlcal pressure differonce -Dy
is calculated for this angle of 25° and the ratio of the observeg

to the calculated pressure difference 1s found, the mumerical value
0.902 is obtained. This must be equal to tho squarcv of the coef-
ficient ®. TYor the coefficient itself the value ¢ = 0.950 is thus
obtained. A second nossible way of determining this is afforded
through tho measurement of the torgue.

The torque moasurement in this experiment is 6.25 centimeter
kilograms. Tho corresponding torgue for the theoretical flow con-
sidered in the previous section mey be calculated by meens of the
following equation

Md = 7 2rn 4r cp “u
ry




NACA ™ No. 1118 15

vhich follows directly from the principle of momentum. After
insertion of the exit angle a, 1in this equation and expression of
the -velooity -components in terms of equations (11) and (12), inte-
gration gives the expression

L2 _ein (2 @) o, ril.(ri) 3-2 cos® &y _ 1]

8251n201+1

The quantity éLc 11 1s simply the dynamic pressure of the flow at

the inner wall. If the observed pressure difference Po-Pys ‘that
is, the dynamic pressure that would be assoclated with a. 1osa-free
drov in the pressure p; behind the stator is substituted for this,
a valus of 6.40 centimeter kilograms is obtalned for the torque.

The difference between the calculated and the observed value may also
be explained in terms of the fact that the conversion of pressure into
veloclty In the stator does not proceed entirely without losses. The
stator-veloclity coefficlent ® may be derived from those quantities
also. The square of this coefficient 1s the ratio of the observed
to the calculated torque. For this 1s obtained the value 0.977.

The velocity coefficlent 1tself then comes to 0.988. This value lies
within the renge established for turbine bladings. Of course, note
must be taken in this connection that the coefficlent 1s based on
the dynamic pressure at the inner wall, that 1s, to the maximum
veloclty. In the next paragraph will be seen why the value calcu-
lated from the pressure distribution is lower.

Another basis on which observation may be compared with cal-
culation is to calculate the pressure difference p,-py, which

would ococur in a frictionless flow having a volume per unit time
equal to that of the actually observed flow through the stator.

By means of the formulas in the previous section, this is found

to be 7pg-ri = 105,9 millimeters water or 130.2 millimeters alcohol.
From figure 11 the observed pressure difference Dg-Py Was 122 mil -
limeters of alcohol. The calculated pressure difference is thus

6.7 percent greater than the observed. This may be freely explainsed
by the fact that swaller velocities are present at the inner wall
due to the greater flow losses and these velocitles influence the
pressure increase especially strongly because of the markedly
curved paths.

Thus the calculated pressure difference between inner end outer
walls is found to agree very well with the obseived. Likewise the
range of gtatic preassure over the amnular space between the walls
is satisfactorily reflected by the caloulation, as a comparison of
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figures 2 and 11 shows. The calculations for a gas with negligible
friction mey thus be applied also to the approximate reprosentation
of the relatlons in a gas sublect to friotion, if the theoretical
speeds are modified by the customary coefficlents. In so doing, of
course, the losses are considered as distributed equally over the
whole length of blade; fine points such as the concentration of the
flow losees at the inner wall are naturclly not included. The deTlec-
tion of the current toward the axis, indicated in figure 3, may bo
made clearly visible by the introduction of a etreamer between the
blades.

IV. CALCULATION OF FLOW THROUGH THE ROTOR

Now the methods of calculatlon set forth in section II will be
appnlied to the rotor as well. The section through & turbine stage
consistling of rotor and stator 1s shown in figure 12. The plane of
measurement l-1 lies between stator and rotor. In what followes the
veloclity and pressure varlations in a second plane 2-2 behind the
rotor will be set forth. In so doing the assumption will be made
that the pressure variations in the plane 1l-1 will not be influenced
by the rotor. That is, 1n the following discussion the range of
pressures, which wore calculated for the stator by itself, will be
teken as the basis. This assumptlion willl certainly be correct if
the space between stator and rotor 1s kept sufficiently great, or
if the rotor blades have a large axial dimension, But in the case
of the emall rotor-stator space and smell blade widths customary
in turbine construction, 1t remains to be experimentally determined
whether the nressure 1n the space between rotor and stator will be
altered as the flow linss are def%ected sharply outward, as shown
in figure 22. (See reference 9.)“ Prevarations are being made
for such measurements on a one-stage turblne with nontwisted stator
ani rotor blades. In splte of this uncertainty, the following cal-
culations are still of lmportance for such blade forms, as they
provide maximum values for the difference of inflow angles between
head and foot of the rotor blades. If the form of the rotor blades
is so designed that they wlll work efficiently in thils range of
angles of inflow, then the blades will certainly be suitable for
the actual flow to be encountered.

zMsasurementa by W. Hartmann on a turbine stage (reference 8)
anpear to indicate that with a narrow rotor-stator srace the radial
pressure Increase in this space 1s smaller.
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In figure 12 the velocity-vector disgrams at entrance to and
oxlt from the rotor are shown. The absolute velocltiea are desig-
nated by ¢ . and the relative velocitlies by w. .The rotor veloclty
at the glven redilal distance ls designated by u. The rotor blades
shall be so rounded at the fore edge that throughout the range of
inflow engles in question they will pormit a flow around the blades
without separation. The absolute inflow angles are deslignated a,
the relative angles f. All quantities referring to plane 1l-1 are
written with the subscript 1 and those relating to plane 2-2 with
the subscript 2. The energy drop, which undergoes conversion In
the stator, is denoted by h, that converted in the rotor by h'.
Those drops are obtained From the adiabatic energy drops in the
usual menner, deduoting the energy losses calculated with the ald
of the veloclty coetfficlents ¢ and VY. Tho kinetic energy of
the inflow velooity oy 1s also to be included in the total drop
H avallable over ths vhole stage

3
H=h+h'+-z—8- (28)

For the drop in the stator we have
h =z (o — of) (29)

and corresnondingly for the rotor drop

1l
B! =2 (w8 — w&) (30)
Thue the total drop can alsc be written as
2
c
H = h' + -—1- (31)
. 23

For the following caloulations a stator having nontwisted blades
will first be assumed. In the final section the general method of
calculation will be given, which will also include twisted blades.

In general, there also exlsts a spiral at plane 2-2 and hence &
pressure increase toward the outside. Only when the absolute out-
flow velocity from the rotor has no peripheral component, that 1s,
when it is directed strictly axially, will there by uniform pressure
in the plane 2-2. The oalculation for this case 1s also the most .
gimple one,
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1. Rotor with Axlal Outflow

From the veloolty-vector diagram for t‘he rotor inflow, for the
relative inflow velocity wy 1is obtained the equation

w{=c§_+uz-20ulu (32)

For the relative outflow velocity wp, the equation becomes simpler
because the whirl component o,, of the absolute outflow velocity
is agsumed to be zero.

v§=c§+u2 . (33)

Hence for the rotor drop from equation (30) is obtained the relation
n' =& fof - of) + L u 34
35 {2 - o1) + T om (34)
Solving for o, glves
2 c G., U
Zon s _E_ - (35)
2g g

or after introduction of the total drop H

2

c u

_B_EH_O_u_l._ (36)
2g 8

By introduction of the values of c¢,; from equation (11) and of the
rotor velooity u from the equation u = r& (W = angular velocity),
the following equation 1s obtalned

2
c 1 2
La.g-28g wrtin® % (37)

2g g

from which the absolute outflow veloclity o, from the rotor may be
determined.

In figures 13 and 14 the numerical eva.lua.tion of this equation
for stators with exit angles of 45° and 30° , respectively, is presented.
The intake to the stator 18 here assumed to be strictly axial and of
uniform velocity throughout the blade length. The rotor must have
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twisted blades so a8 to give at the rotor speed selected an axilal
outflow at all points along their length. The leeding edge of the
blades shall be so designed that no flow separation shall ocour
. (inflow free of shock). This can best be obtained by a rounding-off
of the leading edge as shown in Tigure 12, Because only relative
meesurements are of importance for the problem in hand, the ratio
of radii r/ry; wes chosen as the absoissa. As only relative
velocltles are of concern, it 1s assumed that the axlal velocity
zg& and opp = 1. .The rotor speed is so chosen that at the imner
ius the pressure Py ig equal to p,, that is, at the foot of
the blades the rotor cperates at equal Pressure on both sides. From
figures 13 and 14 it can be seen that the axial velocity cyp = 0p

behind the rotor decreases in an outward direction in somewhat the
same manner as the veloolty Oy in front of the rotor.

In the lower halves of these figures 1s also the degree of reac-
tion R, +that is, the ratio of rotor drop h' +o total drop H, as
woll as the work output h, imparted to the rotor at each point per
kilogram of medium flowing through. The latter is obtained from the

equation h = % cyl u. It is seen from the graphs that the degree

of reection R rises quite rapidly along the blade from foot to
outer end. At 450 and 30° inflow angles the reaction degree reaches
0.5 at radius ratios of 1.9.and 1.6, respectively, that 1s, the
blades operate with 50 percent reaction at those points.

The work output imparted to the rotor likewlise increases oute
wardly along the blade. The Bernoulll equation (3) consequently has
behind the rotor a different value for the constant K for each flow
line because the withdrawal of energy from each flow line within the
rotor is different in amount., Furthermore, it 1s no longer necessary
to fulfill the condition that the vortex filaments coincilde wlth the
flow lines. In reality, in the present case the vorticity also stands
perpendicular to the direction of flow inasmuch as the axilal com=-
ponent of the vortlcity Wy (equation (25)) 1s equel to zero because
of the entirely axlal outflow velocity. Thus the vortex filaments
present in the current in this case run around the axls as closed

rings.

In figure 15 is represented the oourse of the flow lines through
a turbine stage. The deflection of the flow toward the axis, which
is introduced in the stator, is only to a rather small degree reversed
in the rotor. .
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2. Nontwisted Rotor Blade

If the rotor is equipped with nontwisted blades, it is not pos-
g8ible to achleve axlal outflow throughout the length of the blade,
Because of the whirl component present in that case, a radial Increase
of pressure occurs behind the rotor, whersby the calculation is made
more difficult. The drop H through the stage is thorefore also non-
uniform along the blade length. In order to determine it, the drop
h' in the rotor 1s first caloculated. TFor the relative outflow
velocity wp, the following equation applies

w%:c%+u2-2cuzu (38)
By insertion of the expressions from equations (38) and (32) in equa-
tion (30),

h'=§%(0§-ci)+-;-(culu-ou2u) (39)

The drop in the whole stage may now be expressed on the bagis of
equation (31) as

Hegp b+ 5 (o ~ opp) = -3 (40)

The drop H is again equal to the pressure integrel T)’P— This

equation replaces the Bermoulll equation (3). Hence -expresaion
for the radial increase of pressure behind the rotor can also be
derived by differentiating with respect to r

_ldp 1 ad
y dr 2g

r:l@

E E (°ul u - Cy2 u) (41)

A second relation pertaining to the increase of pressure is also to
be found in equation (1), which must apply here equally well as an
equilibrium of forces. In order to eliminate the velocity oo from
equation (41), the axial component cp2 will be first expressed in
terme of the whirl component c,5. From the velocity diagram for the
outflow is deduced the equation

oz = (U - cyp) tan B

The velocity cp 1s then

c% = (u - °u2)2 tan® Ba + cﬁz (42)
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By differentiation of this equa.t:lén wlth respect to r, 1t becomes

de,z deyp ,
ar ) + 2 Cuz F (45)

By insertion of this relation in equation (41) and elimination of
by means of equation (1) » the velooclty component C.1 by means

of equation (11), and the rotor speed by means of the equation
u = rw, after several transformations 1s obtalned

2
<:_|-"--12 e ® sin® o
+ = 5
dop ¥ . jo08° ap

ar 71+ tan? By) (o p — T )

.add
—%:2(\1-0“2)1: Zaz@-

- rw?

(44)

This 1s the definltive equation for the determinatlon of the
whirl component c,2 of the outflow velocity. It is & nonlinsar
differential equation of the first order, whose general solutlon
cannot be obtalned because of 1ts complex construction. The most
sultable method of solving it is by isoclinical lines. Using this
method, the numerical calculations for a turbine stage with non-
twisted stator blades of 45° exit angle were undertaken. The axial
velocities at the inner radius cpj4 and cppy4 are again set equal
to 1. The rotor speed 18 so selected that there 1s equal pressure
before and behind the foot of the rotor blades. Furthermore, the
exlt angle of the nontwisted rotor blades is of such megnitude that
the outflow at the foot of the blades is entirely axlial. The results
of the calculations are shown in figure 16 by the solid lines.

Although the graphic solution of differential equation (44)
offers no particular diffioculties, engineering practlice neverthelees
considers 1t undesirable. It will therefore be best to look for a
means of simplifying the calculation. For the greater number of
practicel cases, such a means 1s found in the fact that great effort
will always be made to obtain outflow as neerly axial as possible
throughout the length of the blades in order to keep outflow losses
small, If the whirl components o, of the outflow veloclty are
small, then the redlal-pressure Increases wlll also be small. The
radlal -pressure increase corresponding to the relations 1n figure 16
is shown in figure 2 by the dashed line. It must be admitted that,
particularly for smaller radius ratios, 1t 1s quite small as com-
pared to the radlal pressure increase behind the stator. Therefore,
- investigation of whether & relieble simplifiocation of the calculation
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can be obtained by ignoring the pressure differences along the length
of blade may be made. The stage drop H 1is then uniform along the
radius r oconstant. By substituting in equation (30) only the value
for the relative inflow velocity wy; from equation (32), end then
substituting in equation (31) the value for the rotor drop, the

drop over the whole stage H 1s obtalned

1 2 1L 2 1

H=§Eﬂ2-§Eu +-é-cu1u (45)
Further, from the outflow-vector dlegram
Cme
2 " 5 By (26)

By insertion of this in equation (45) an equation for calculating
the exial component of the ocutflow velooclty is obtailned

;_cfzﬁ=n+§;§r2m2—alwrsin2“’l (47)
g s

as the outflow angle Py 18 determined by the form of the rotor
blade, from this equation the velocity pay be caloulated.
From the outflow-vector dlagram i1s then obtained the peripheral

component
. (48)

“uz =T " By

The velocltles so calculated are shown by the dashed llnes in figure 16.
In the lower portions of the figure are the corresponding degrees of
reaction R and the value of the work output h,, wiich is now
obtained from the equation

By = 2 (- o) (85)

As practical ceses wlll not involve golng much beyond a radius
ratio r/ry = 2, the results obtained by equations (47) and (48)
may be regarded as suffliclently close approximations.

It 18 observed from figure 16 that with nontwlsted blades the axial
outflow veloolty cyp Increases but slowly with lnoreasling radius r.
The deflectlon of the flow toward the axls behind the stator has thus
now been reversed to a large extent. The degree of reactlon R again
reaches 0.5 at a redius ratio of r/ry = 1.9; on the other band, the
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work output descreases with inoreasing radius slowly at first and
then very sharply. At a redius ratio of r/ry = 2.4, the work out-
put is already zero. If the blades are mede still longer, the parts
of "the blades beyohd a radins ratlo of 2.4 will operate as a blower,
that 1s, they will add energy to the flow. Practically, of course,

a blading of such height is out of the question. The work output
may be made more uniform along the blade length if the radius at
which entire axial outflow 1s obtained is loocated not at the foot of
the blading but further outwards. This can be seen from figure 17.
Hore the solid lines repeat the data of figure 16 and the dashed
lines give the values for a second rotor speed so chosen that the
entire axial outflow occurs at a radius ratio r/ry = 1.5. It is
observed that the relations thus obtained are more favorable., The
axial outflow velocity. is more uniform throughout the blade
length and the work outpuOF h, also falls less sharply with Increase
of radiuse r. In Pigure 18 the corresponding results are given for
a gtator with an outflow angle of 30°, The phenomena already desribed
for the 45° atator ocour here in still greater degree. In figures 19
and 20 the velocity-vector dlegrams are also showan, namely, in the
upper rows for the rotor speed giving axiel outflow at the foot of
the blading and in the lower rows for the speed giving axial outflow
at r/ri = 1.5. The velocity-vector dlagrams are shown in the form
customary for water turbines. This form i1s considered clearer than
that customary for steam turbines. Figures 21 and 22 show the course
of the flow lines for the two outflow angles, respectively. The flow
lines in the plane between stator and rotor and behind the rotor are
determined by the calculated axial speeds Cpy and op2. The ocourse
of the flow lines between these planes 1s estimated. The figures
show quite clearly the deflection of the flow by the stator, which
hes been frequently mentioned above. With nontwlsted rotor blades
this deflection is reversed in the rotor. But it must not be con-
cluded from this that flow behind ths rotor i1s once more vortex-free.
Figures 17 and 18 show that such 1s not at all the case. Because of
the marked bending of the flow lines in the plane of an axlal section,
which ocours at small outflow angles ap (fig. 22), centrifugal
foroes are created that possibly extend into the space between the
stator and rotor and in that case would counteract the pressure drop
in the radial directlon. The drop in a radial direction in the
gtator outflow velocity would thus be diminished and the flow lines
straightened. The variation in the relative inflow angles along the
rotor blade would be likewise diminished. How far this phenomenon
actually occurs remains to be determined experimentally. -
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3. Practical Caleulation of a Turbine Stage

In order to calculate a turbine stage for a certain set of
prescribed conditlons, 1t is unnecessary to go back to the equations
pregented in the foregolng section; instead the caloulation may be
carried out by making suitable use of the Molller diagram. If the
adisbatic stage drop H,3 1s prescribed, then the stator drop at
the inner radivs m g4 1s flrst selected. A maximum value no
greeter than will alldw the rotor to work at equal pressure at its
inner radius (p; = pp) will be selected. Of course, on the other
hand the rotor may be allowed to operate with some degree of reaction
at this point. From the stator drop hggq 3, the theoretical stator
outflow veloclty l1s determined in the usuAl manner by means of a
veloclity scale in the Molller diagram. The true outflow velocity
1s obtained by multiplylng by the veloclty ocoefficlent . The
variation of exit angle along the blade length 1is presorlbed by
the blaede form. .From the blade angle at the inner radius the whirl
velocity component c,47 i1s obtalned. TIlow the variation of the
whilrl component for the other redil r also must be celculated.

This 1s done by means of equation (11) for nontwisted stator blades
or equation (9) for twisted stator blades. From the variation of

the stator outflow angle, the variation of the outflow velocity Cy
1s obtained and therewith that of tue stator drop h along the blade
length. The fact that with large blede spacing the outflow angle of
the flow no longer exactly equals the blade-exit angle may be allowed
for by an "angle excess." If there is approximately axial outflow
from the rotor, then in accordance with what has been said the pres-
sure pp behind the rotor blades and consequently the drop H may
be regarded as uniform. ZFrom the Molller diagram the adiabatlc rotor
drop h' for each radius is simply taken and from this is obtalned
by means of equation (3) the theoretical relative rotor outflow
velocity Woiheoreticalr 824 by multiplication with the veloclity
coefficient ¢, tho true relative velocity wp. Now the Inflow and
outflow velocity-vector dlagrems can be drawn and the calculation of
the stage completed. The calculation of a second stage to be added
to the first cannot, to be sure, be undertaken without further ado

in the same manner, because the veloclty of inflow into the second
gtage 1s no longer purely axial, or entirely uniform throughout the
blade length. For not too great lengths of blade these variations,
which according to figures 16 to 18 are not very large for nontwlsted
blades in such a case may probably be ignored, and the calculatlon
mey be carried out as for the first stage. In general, however, 1t
must be borne in mind that the vortex current, which is here involved,
undergoes changes over greater distances of travel, so that with
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larger numbers of steges the.prerequisite conditions for the calou-
lation are less well fulfilled. Its reliability for several tandem
stages therefore remeins to be tested experimentally.

V. SUMMARY

The flow 1n steam turbines of considerable blade length is
strongly affected by the increase in pressure from the axis outward
in the space between the astator end rotor. The same phenomenon is
observable also in axial superchargers, which make use of a large
drop in one stage and hence owerate with a pronounced spirel flow.
In order to obtain high efficiency in such machines, this phenomenon
must therefore be considered in the design of the blades. Its cal-
culation for nontwisted and arbitrarily twisted blades has therefore
been given. The flow behind the stator 1s first considered, the
agssumptions .of closely spaced blades and negligible friction in the
gas being made. Thereafter experiments on a stator are reported,
which show that the methods of calculation so obtalned also reflect
very well the actual condltions in a gas subjJeoct to friction. Then
the calculations are completed for the course of the flow behind the
stator. The results are shown in figures 13 to 18 for nontwilsted

stator bladea with exit angles of 30° and 45° and for nontwilsted and
twlsted rotor blades. The degree of reaction variles considerably

over the blade depth due to the redlial increase of pressure. With
a stator blading of 30° exit angle, a rotor blade operates with

50 percent reaction at its outer end when equal pressure exists at
its foot and when the blade length 1s 0.6 of the imner radius. The
flow through the stage is first deflected toward the axis in the
stator with nontwisted blades. This phenomenon ls reversed in the
rotor and indeoed somewhat overcompensated, if the rotor bledes are
also nontwisted.

Translation by Edward 8. Shafer,
National) Advisory Committee
for Aeronautics.
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Figure 2. - Graph of velocity components and pressure behind
a. stator with nontwisted blades of 30° and 45° exit angles.
Cul whirl component

c axial component

mli
of €y the outflow velocity

Cii outflow velocity at inner radius r;

dp differential pressure increase
Y specific weight
g acceleration of gravity

r; inner radius of blading

The dashed curve b shows the variation of pressure behind the
rotor according to figure [4.
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Figure 3. = Course of flow lines through a stator with non-
twisted blades of 30° exit angle.
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Figure 5. - Photograph of the vortex filaments behind an air-
foil of finite span in a water channel.
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Figure 8. - Test rig.
a. stator
b. inner tube
c. outer tube
e, f. holes for pressure measurements
g. bal! bearings
h. outer break in tube wall behind stator
i rubber membrane
k. inner break in tube wall behind stator
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Figure 9. - Blade section used.
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Figure 10. -~ Forward revolvable part of test
\

rig with stator.
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Figure 12, - Stator and rotor of a turbine stage.
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Figures!3 and I14. - Graph of velocity components ¢, and cg,

degree of reaction R, and work output h, over blade length
of a turbine stage with nontwisted stator blades having

exit angles of 30° and 45° and twisted rotor blades giving
strictly axial outflow from the rotor. Pressure is equal-~
ized at foot of rotor blades; axial velocity at that point

is equal in front of and behind rotor blades.
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with nontwisted stator blades of 30° exit angle and twisted
rotor blades.
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Figuresl|7 and 18. - Graph of velocity components c 6 and c,

degree of reaction R, and work output h, of turbine stage
with nontwisted blades.
¢, outflow velocity from stator

c, outflow velocity from rotor

e———axial outflow from rotor at inner radius ri
w———axial outflow from rotor at radius r = |.5 o

Equal pressure before and behind foot of rotor blades.



NACA TM No. 1118 Fig. 19

Figure 19. - velocity-vector diagrams for turbine stage ac-
cording to figure |7. Above, axial outflow at inner radius,
r,; below, axial outflow at radius r = | .5 ry.




Fig. 20 NACA TM No. |1 18

a, =30

Figure 20. - velocity-vector diagrams for turbine stage ac-
cording to figure |8. Above, axial outflow at inner radius
r;, below, axial outflow at radius r = |,5 r;.
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Figures 2| and 22. - Course of flow lines through turbine
stage consisting of nontwisted stator blades with exit
angles of 30° and 45° and nontwisted rotor blades.
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